A geometric method for obtaining an infinite family of Cayley digraphs of constant density on finite Abelian groups is presented. The method works for any given degree and it is based on consecutive dilates of a minimum distance diagram associated with a given initial Cayley digraph. The method is used to obtain infinite families of dense or asymptotically dense Cayley digraphs. In particular, for degree d = 3, an infinite family of maximum known density is proposed.
Introduction
Some discrete problems are studied by many authors using bare geometrical methods. Some of them are worth to mention here because of the common used tool. Namely, the so-called minimum distance diagrams (MDD's), which are defined in the next section. Some examples are in the study of numerical semigroups, the Frobenius number, the set of factorizations, and the denumerant [5, 7] . Also, some metric properties of Cayley digraphs of Abelian groups have been studied using MDD's, mainly the diameter and the density [2, 9, 11, 18] .
In this work we introduce the Dilating Method that is based on MDD's. This method applies to Cayley digraphs on finite Abelian groups of degree d ≥ 2. We use it to derive dense and asymptotically dense families of Cayley digraphs. The plan of the paper is the following: Section 2 contains main definitions and preliminary results. The Dilating Method is presented in Section 3, and some new dense and asymptotically dense families are constructed in the last section.
Preliminaries
Consider an integral matrix M ∈ Z n×n with N = | det M |, and with Smith normal form S = U M V , for unimodular matrices U , V ∈ Z n×n . Let us consider the Cayley digraph G M = Cay(Z n /M Z n , E n ) where E n = {e 1 , . . . , e n } is the canonical basis of Z n .
Let [r, s) = {x ∈ R : r ≤ x < s}. Given a = (a 1 , . . . , a n ) ∈ Z n , we denote the unitary cube [[a] ] = [[a 1 , . . . , a n ]] = [a 1 , a 1 +1)×· · ·×[a n , a n +1) ⊂ R n . In this sense, the cube [[a] ] represents the vertex (a 1 , . . . , a n ) in G M with the equivalence relation of Z n /M Z n given by a ≡ b (mod M ) ⇔ ∃λ ∈ Z n : a − b = M λ.
We denote [[a]] ∼ [[b]] whenever a ≡ b (mod M ) and [[a]] ∼ [[b]] otherwise.
For more details about congruences in Z n and their role in the study of Cayley digraphs on Abelian groups, see [10, 12, 13] .
For a given pair a, b ∈ Z n , we denote by a ≤ b when the inequality holds for each coordinate. Let N = Z ≥0 denote the set of nonnegative integers. Given a ∈ N n , consider the set of unitary cubes
Definition 1 (Hyper-L) Given a finite Abelian group Γ = γ 1 , . . . , γ n of order N = |Γ|, consider the map φ :
Given x ∈ Z n , let us consider the 1 norm
It follows that k(G) = k(H) for each minimum distance diagram H of G, and also For a Cayley digraph G of an Abelian group, with order N (G), degree d(G), and diameter k(G), Fiduccia, Forcade and Zito [11] defined its density as
Let us denote
Forcade and Lamoreaux proved that ∆ 2 = 1/3 by using a generic optimal diagram H in [15, Section 4] . This diagram was already known by Fiol, Yebra, Alegre, and Valero [14] to derive the tight lower bound k(N ) ≥ lb(N ) = √ 3N − 2 for a generic Cayley digraph of degree d = 2 and order N . The density ∆ 2 is attained by the digraphs G M = Cay(Z 2 /M Z 2 , E 2 ), where M is the matrix with rows (2t, −t) and (−t, 2t) or, equivalently, G t = Cay(Z t ⊕ Z 3t , {(1, −1), (0, 1)}), with N t = 3t 2 and k(G t ) = 3t − 2 for each t ≥ 1 (see next section). No Cayley digraph on cyclic group Z 3t 2 of degree d = 2 attains this density for t > 1.
As far as we know, ∆ d remains unknown for d > 2. For d = 3 there are some main facts: Fiduccia, Forcade, and Zito in [11, Corollary 3.6] proved that ∆ 3 ≤ 3/25 = 0.12. However, numerical evidences suggest that ∆ 3 would be a smaller value. The maximum density attained by known Cayley digraphs is δ 0 = 0.084 and they have been found by computer search. Such digraphs are F 0 , F 1 in [11, Table 1 ], and Table 8 .2], where:
Let NA d,k (respectively, NC d,k ) be the maximum number of vertices that a Cayley digraph of an Abelian group (respectively, of a cyclic group), with degree d and diameter k, can have. Let us denote lb(d, k) the lower bound for NA d,k . Then, from Wong and Coppersmith [20] and Dougherty and Faber [9, Theorem 9.1], it follows that, for d > 1,
for some constant c. As far as we know, no constructions of Cayley digraphs G of order
Notice that a large value of the ratio N (G)/k(G) does not guarantee a high density of G. In this work we propose the Dilating Method which allows the generation of an infinite family of dense digraphs from a given initial dense digraph.
The Dilating Method
For a given finite Abelian Cayley digraph G = Cay(Γ, {γ 1 , . . . , γ n }) of degree d = n, with minimum distance diagram H, there is an integral matrix M ∈ Z n×n such that
where S = diag(s 1 , . . . , s n ) = U M V is the Smith normal form of M , E n = {e 1 , . . . , e n } is the canonical basis of Z n and {u 1 , . . . , u n } are the column vectors of the matrix U . If the set of column vectors of M is C M = {m 1 , . . . , m n }, then it is well-known that H tessellates R n by translation through the vectors of C M . The map ψ(x) = U x plays an important rôle because of the equivalence
and so, it follows that
For more details, see [10, 13] .
Example 2 Let us consider again the Cayley digraph G 1 and its minimum distance diagram H 1 of Example 1. In this case we have S = diag(1, 1, 84) and
Thus, H 1 tessellates R 3 through the lattice generated by {(1, 5, 2) , (2, 2, −2) , (−6, 4, 3) } and 
This definition corresponds to a dilatation of L in such a way that each unit cube
, of side t in tL according to (3) . (a) x = ta and y = tb, (b) x = ta and y = tb + (β 1 , . . . , β n ) with 0 ≤ β 1 , . . . , β n < t and β 1 + · · · + β n > 0, (c) x = ta + (α 1 , . . . , α n ) and y = tb + (β 1 , . . . , β n ) with 0 ≤ α i , β i < t for 1 ≤ i ≤ n, α 1 + · · · + α n > 0 and
Then, ta ≡ tb (mod tM ) and ta = tb + tM λ for some λ ∈ Z n . Thus, equality a = b + M λ holds and
. . , β n ) (mod tM ). Thus, the identity t(a − b − M λ) = (β 1 , . . . , β n ) for some λ ∈ Z n , leads to contradiction because none of the β i 's are multiple of t (and at least one of them does not vanish).
(c) Analogously, we get t(a − b − M λ) = (β 1 − α 1 , . . . , β n − α n ) for some λ ∈ Z n . This identity does not hold except for the case
Proof. From (a) , the set of cubes tH is a hyper-L of G tM . Now we have to check the optimal property of Definition 2,
There are two kinds of unit cubes in tH. Namely,
. . , α n < t, and α 1 + · · · + α n > 0.
Let us fix the value t and consider a type-(c.1) cube [[ta]] ∈ tH. Those x ∈ N n equivalent to ta in Z n /tM Z n are x = ta + tM λ for λ ∈ Z n . Then,
where the last line is a consequence of H to be a minimum distance diagram and [[a]] ∈ H.
Consider now a type-(c.2) cube [[ta + (α 1 , . . . , α n ) ]] ∈ tH. Set b t = ta + α with α = (α 1 , . . . , α n ) . Assume that there is some y t ≡ b t (mod tM ) with y t ∈ N n and y t 1 < b t 1 (and y t / ∈ tH). Then, y t = b t + tM λ for some λ ∈ Z n and y t = t(a + M λ) + α = c t + α where c t must have all its entries positive for being y t ∈ N n (all the entries of c t are multiple of t and 0 ≤ α i < t for all i) and c t ≡ ta (mod tM ). Then,
which is a contradiction. Therefore, tH is an MDD of G tM .
Assume now tH is an MDD of G tM . Thus, tH is a hyper-L of G tM and, by (a), H is a hyper-L of G M . Moreover, from [[ta]] ∈ tH for each a ∈ H, we have
direct consequence of (b) and (c). 2
Take an initial Cayley digraph G 1 = G M of order N , degree n and diameter k with minimum distance diagram H. From Theorem 1, we know that the dilates tH are minimum distance diagrams related to the digraphs G t = G tM of order N t = t n N and diameter k(G tM ) = t(k + n) − n. Thus, their densities are the same for any integral value t ≥ 1
Now we are ready to use the Dilating Method for obtaining dense families of digraphs. Choose an initial (dense) digraph G 1 (perhaps found by computer search). Find any related minimum distance diagram H and the (column) vectors C M defining the tessellation by H. Then, from the digraph isomorphism G 1 ∼ = G M , it is also obtained an infinite family of (dense) digraphs G t = G tM (with the same density).
New dense families
The criterion for a Cayley digraph G M to be dense is not established and it is applied in the sense that δ(G M ) is as large as possible. This criterion is closely related to the degree-diameter problem for these digraphs. The parameter α = α(G M ), where
is also taken into account for a given infinite family of digraphs of degree d and diameter k(G M ). In this context, notice that by (1) α(G) = lim k→∞ δ(G).
In fact, for a fixed degree d = n, several authors have proposed some infinite families of digraphs with good related values of α, see Table 1 . All these proposals are concerned with finite cyclic groups. The value α = 0.0807 applies only for diameters k = 22t+12 with t ≡ 2, 7 (mod 10). The case α = 0.084 applies only for diameters k ≡ 2 (mod 30). However, as far as we know, there is no explicit infinite family satisfying these conditions. It is also worth to mention the work of Rödseth [18] on weighted loop networks, who gave sharp lower bounds for the diameter and mean distance for degree d = 2 and general bounds for degree d = 3.
The dense family given by Aguiló, Simó, and Zaragozá [6] can be extended to a more general one. Using the same notation as in [6] , take the integral matrix M (m, n) given by
Proposition 1 ( [6] ) Consider the Cayley digraph G m,n = G M (m,n) . Then, the order N m,n and diameter k m,n of G m,n are given by
The case M (2, 1) is given in Example 2, with N 2,1 = 84 and k 2,1 ≤ 7. The diameter k = 7 is the minimum diameter a digraph Cay(Z 84 , {a, b, c}) can achieve. In [6, Proposition 3] it is stated that, for x ≡ 0 (mod 3), the digraph G M (2x+1,x) is isomorphic to a cyclic Cayley digraph and an explicit family is given. In the following result we extend this family to any value of x.
Proposition 2 The Cayley digraph
has diameter k 2x+1,x ≤ 10x + 2, for all integral value x ≥ 1.
Proof. The result follows from the Smith normal form decomposition of the matrix M (2x + 1, x) in (6)
with unimodular matrices
and the bounded expression (7) of the diameter in Proposition 1. 2
Although Proposition 2 states that the inequality k 2x+1,x ≤ 10x+2 holds, numerical evidences point out to equality for x ≥ 2. Thus,
and so N 2x+1,x = 0.084k 3 2x+1,x + O(k 2 2x+1,x ) for x ≥ 2, whence α(G M (2x+1,x) ) = 0.084. Although the parameter α of this family attains the value α 2x+1,x = 0.084, the density of each of its members does not. Now we give other dense families using the Dilating Method of the previous section.
Lemma 2 Consider M ∈ Z n×n with Smith normal form S = U M V . Then, for an integral value t ≥ 1, the Smith normal form of tM is tS = U (tM )V .
Proof. This equality is a direct consequence of the matrix product. 2
This lemma states that the set of generators is preserved when applying the Dilating Method. Now we apply this method to several cases, Proposition 3 deals with a dense infinite family of digraphs of degree d = 3 whereas Proposition 4 gives an infinite family for any degree d ≥ 2.
Consider the integral matrices given in Example 2, S, U , M and V . The hyper-L H given in Example 1 is a minimum distance diagram related to the Cayley digraph G M . This fact can be checked by computer. Now we can apply Theorem 1 and Lemma 2 to obtain the following result. 
has order N t = 84t 3 and diameter k t = 10t − 3 for any integral value t ≥ 1.
Clearly, from (4), the density of this family is the constant value δ t = 0.084 and, from t = kt+3 10 , in this case, we also obtain the parameter α t = 0.084. It can be checked that the known Cayley digraphs of maximum density for degree d = 3, listed in Section 2, are contained in the previous family. That is,
Notice that the Dilating Method generates an infinite family of non-cyclic Cayley digraphs excepting, perhaps, the initial one which depends on the selected digraph to apply the method.
Example 3 An MDD related to G 2 of Proposition 3 is shown in Figure 2 . From the geometrical point of view, this diagram can be seen as the 2-dilate of the diagram H 1 related to G 1 of Figure 1 , where each unitary cube has been dilated into four regular unitary cubes. The 13 cubes with maximum norm 17 = k(G 2 ) are [ [1, 1, 15] ], [ [1, 3, 13] ], [ [5, 3, 9] ], [ [9, 3, 5] In the following proposition we use the notation Z , we get
with the multiplicative factor of
being e d ln 2−ln(d+1) . Then, following (2), this is an asymptotically dense family for large degree d.
